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Abstract 

We consider several problems at or beyond endpoint in harmonic 
analysis. The solutions of these problems are related to the esti- 
mates of some classes of sublinear operators. To do this, we intro- 
duce some new functions spaces RL^f^a(R"') and RLj^^^^CR^), which 
play an analogue role with the classical Hardy spaces if^(R"). 
These spaces are subspaces of L|'^|a(R") with 1 < s < oo,0 < p < s 
and -n < a < n{p - 1), and i?Lj';f„(R") D L'(R") when 
—n < a < n{p/s — 1). We prove the following results. 

First, /iQ,-a.e. convergence and L^^^a(R) -norm convergence of 
Fourier series hold for all functions in RL^^^^^ (R) and RLj^^^^ (R) with 
l<s<oo,0<p<s and — 1 < a < p — 1, where fia{x) = |a;|"; 

Second, many sublinear operators initially defined for the func- 
tions in LP(R^) with 1 < p < oo, such as Calderon-Zygmund op- 
erators, CFefferman's singular multiplier operator, R.Fefferman's 
singular integral operator, the Bochner-Riesz means at the crit- 
ical index, certain oscillatory singular integral operators, and so 
on, admit extensions which map (R") and -RLj'^^Q(R"') into 

L|'^|q(R"') with l<s<oo,0<p<s and —n < a < n{p — 1); 

Final, Hardy-Littlewood maximal operator is bounded from 
/?Lg4R") (or i?Lj';f„(R")) to Lj^\c{'R'') for 1 < s < oo and 
< p < s if and only if —n < a < n{p — 1). 
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1 Introduction 



In this paper we study several fundamental problems at or beyond endpoint in 
harmonic analysis, such as convergence of Fourier series on R, extension of some sin- 
gular integrals and boundcdncss of Hardy-Littlewood maximal operator on R". These 
problems are known to be soluble on L^(R"), (n = 1 or n > 1), for 1 < p < oo, 
but not for < p < 1, even not on i7^(R"). One naturally asks how these known 
results for 1 < p < oo are extend to < p < 1. This can be done when we con- 
sider the problems on the weighted Lebesgue spaces L|'^|c(R"). We show that these 
problems are soluble on some subspaces, i?L^^^c.(R"^) and i?L|'^^c.(R"^), of L^^|c,(R"^) with 
< p < 1, —n < a < n{p — 1) and 1 < s < oo. These spaces are extensions of the 
classical Hardy spaces and the block spaces of M.Taibleson and G.Weiss. They play an 
analogue role with the classical Hardy spaces in this paper. And i^Lj^^^^ (R") includes 
L*(R") with 1 < s < oo, < p < s and -1 < a < p/s - 1. 

We denote by S]\ff the partial sums of the Fourier Series of a function / on T = 
[— TT, tt] or the Fourier integral of / on R . A famous result of L.Carleson [3] states that: 
if / e L'^{T) then SNf{x) converges to f{x) almost everywhere as A^ — )■ oo. R.Hunt 
[14] extended this result to 1 < p < oo. Alternative proofs of L.Carleson's theorem 
were provided by C.Fefferman [7] and M.Lacey and C.Thiele [19]. In fact, M.Lacey and 
C.Thiele proved the theorem on the hue R. An alternative proof of Hunt's theorem was 
provided by L.Grafakos, T.Tao and E.Terwilleger [10], and they proved the theorem 
on the line R. 

The convergence problem of Fourier series for the endpoint p = 1 was considered by 
many mathematicians. In 1923, A.Kolmogorov [17] proved that there exists a / G 
whose Fourier series diverges at almost every point. This shows that Carleson-Hunt's 
theorem does not hold when p = 1. In fact, the function / constructed by Kolmogorov is 
in LloglogL(T) C L^{T). Kolmogorov's result was extended to / e L(loglogL)^""(T) 
by Y.M.Chen [4], and to / e L(p{L){T) where ip satisfies ip{t) = o((logi/loglogi)V2) 
by S.V.Konyagin [18]. The example of Kolmogorov can also be modified to yield a 
function / e H^{T) whose Fourier series diverges at almost every point (see [38], 
Chapter 8). 

Some positive results of extension of Carleson-Hunt theorem to p = 1 have been 
obtained by several authors. R.Hunt [14] proved that if / G LlogLlogL(T) then 
S]\ff{x) converges to f{x) almost everywhere. This result was sharpened to / G 
LlogLloglogL(T) by P.Sjolin [32], and to / G LlogLlogloglogL(T) by N.Y.Antonov 
[1] . Also there are some quasi-Banach spaces of functions with a.e. convergent Fourier 
series, see [33, 34] and [2]. And M.Taibleson and G.Weiss [36] proved that if / G -B^ 
(generated by g-blocks) C L^{T), then SnUx) converges to f{x) almost everywhere. 

Our first result of this paper is to extend Carleson-Hunt's theorem to < p < 1 as 
follows: let 1 < s < oo, < p < s and — 1 < a < p — 1. Then 

lim SNf{x) ^ f{x), Ha- a.e. 
for all / G i?L^f„(R) and i?L|'^fa(R), where iia{x) = |a;|". 
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On the other hand, an early celebrated result due to M.Riesz [30] states that SNf{x) 
converges to f{x) in L^(R)-norm for 1 < p < oo. But for p — 1, Kolmogorov's example 
shows that there exists a / e -^^(R) whose Fourier series does not converge to / in 
L^(R). And the Fourier series of the function / e H^(R) mentioned above, yielded by 
the example of Kolmogorov, does not converge to / in L^(R) as well. 

Here, our second result is to extend the norm convergence of Fourier series to 
< p < 1 as follows: let 1 < s < oo, < p < s and — 1 < a < p — 1, then 

lim ||-5jv/ - /IIlp (R) =0 

for all / e i?Lg.(R) and i?Lf4.(R). 

The partial sums operator S'at of the Fourier Scries or the Fourier integral is a 
sublincar operator which is closely related to Hilbcrt transform H since the identity 
(6.2) below. The convergence results above rely on some estimates of S'at. In fact, in 
this paper we shall consider some classes of sublinear operators which are related to 
S'at, many singular integral operators and Hardy- Littlewood maximal operator. 

It is well-known that the theory for singular integral operators plays an important 
role in harmonic analysis. Many classical singular integral operators, such as Calderon- 
Zygmund singular integral operators, C.Fefferman's strong singular multiplier operator, 
R.Fefferman's singular integral operator, some oscillatory singular integral operator, 
and so on, are initially defined on Schwartz functions space. These operators are known 
to extend boundedness linear operators on L*'(R") for 1 < p < oo, but not for < p < 
1. It is known that Calderon-Zygmund singular integral operators admit the extensions 
which map i/^(R") into L^(R") for p < 1. However, some of these operators, such 
as certain C.Fefferman's strong singular multiplier operators and certain oscillatory 
singular integral operators, fail to map iJ*'(R") into i/(R"), or if^(R") into itself, for 
certain < p < 1. (See [35, 9, 31, 25, 26]). 

In this paper, our third work is to show that these singular integral operators T 
mentioned above admit some extensions which map (R") (or i?L|'^^c<(R")) into 

L|'^|a(R") with 1 < s < oo, < p < s and —n <a < n{p — 1), and satisfy 

oo 

Tf = J2 ^jTaj, i^a - a.e., 

for all / = J^JLi ^jO'j where each is a central R-(p, s, a)— block and Z^^i |Ajp < oo 
with p = min{p, 1}. 

It is also known that the Hardy-Littlewood maximal operator M is bounded on 
L^(R") for 1 < p < oo. Due to this property and its character of controUing many 
operators M is very useful in Harmonic analysis. So, it is also important to extend 
its i/(R"')-boundedness property forl<p<ootoO<p< 1. Unfortunately, M is 
not a bounded operator on L^(R"). even not from /f^(R") into L^(R") for < p < 1, 
although there is a substitute result, namely that it is bounded from //^(R") into wcak- 
L^(R"'). In fact, there is no non-zero subspace in L^(R"') from which Mf is bounded 
since it is never in Lp(R") unless / = OforO<p<l. (See [11]). 
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Surprisingly, we find here that the weighted norm inequahty of M can be extended 
to < p < 1. Our fourth result is that M maps i^Lf^J^R") (or i?Lj'^|<,(R")) into 
L|'^|a(R'*) with l<s<oo,0<p<s and —n<a< n{p — 1). 

In fact, we have more for Hilbert transform and Hardy-Littlewood maximal opera- 
tor. According to the famous results by B.Muckenhoupt [24] and R.Hunt, B.Muckenhoupt 
and R.Wheeden [15], it is known that, for 1 < p < oo, 

I|2'/IIl|;|„(R") < C'II/IIl|;|,(R") 

if and only if —n < a < — 1), where T are Hilbert transform and Hardy-Littlewood 

maximal operator. 

Here, we extend these to < p < 1 as follows: let 1 < s < oo, < p < s, then 

I|7^/||l|'^,„(R") < C||/|U^..^(R„) or ||r/|U|'^,„(R.) < C||/||^^..^(^„) 

if and only if —n < a < n{p — 1). 

The paper is organized as follows. In section 2, wc introduce the spaces i^Lj'^.j'a (R") 
and RL^^^^c,(R"') , and list some of their properties. In this section, we sec that the 
spaces RLyf^^a(R'"') arc larger than for all 1 < s < oo. In section 3 we discuss 
the boundcdncss properties of some classes of sublinear operators. The boundedness of 
Hardy-Littlewood maximal operator is discussed in section 4. The extension properties 
of some singular integral operators are obtained in section 5. Section 6 is devote to the 
convergence of Fourier series, including pointwise convergence and norm convergence. 

2 RL^\^\a and RL^^^^ai definitions and basic properties 

The spaces BL^^^^^, introduced in [21, 22] are very useful in the study for norm con- 
vergence of Bochner-Riesz means and the spherical means at or beyond endpoint. 

Unfortunately, we can not obtain new pointwise convergence result of Fourier series by 
using fiLj'^^a. Because a restriction n(p/s — 1) < a < n(p — 1) is needed in our use of 
BL^^^^a in [22] , and BL^^^^^i C L"+« at this time. Here, wc introduce some new functions 
spaces RL^^^^a and RL^^'^^^ which are slightly different from the spaces BLJ^^^^- These 
spaces generate by the annulus blocks centered at origin. So, they are also extensions 
of the classical Hardy spaces and Taibleson and Wciss's blocks spaces. 

Denote Bk = e R" : |a;| < 2^},Cfc = Bk\ Bk-i for k e Z, and Ck = Ck for 
A; e N and Cq = Bq. xe is the characteristic function of set E. 

Definition 1 Let 0<s<oo,0<p<oo, — oo < a < oo. 

A. A function a{x) is said to be a central R-(p, s, Q;)-block on R", if 

(i) supp a CCk <Z R", k eZ, 

(ii) II alii. < |5fc)|-"/p"-i/p+i/^; 

B. A function a{x) is said to be a central R-(p, s, Q;)-block of restrict type on R**, if 

(i) supp a C Cfc C R", A; e N U {0}, 

(ii) ||a||L- < |5fe|-°/P"-^/P+i/^ 
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Definition 2 Let 0<s<oo,0<p<oo, — oo < a < oo. 

A. The homogeneous functions spaces i?L|'^j*c< (R") is defined as 

oo 
k=—oo 

where each Uk is a central R-(p, s, Q;)-block on R", 

oo 

lAjfcl^" < +00}, 

A;=— 00 

the "convergence" is meant in the sense of //a-a.e. convergence. Moreover, we define a 
quasinorm on i^Lj'^^c. (R") by 



i/p 



RLj'^^^CR") = inf I J2 l^^r 
I fe=— 00 



where the infimum is taken over all the decompositions of / as above. 

B. The non-homogeneous functions spaces i?L^^^a(R") are defined replacing the 
central R-(p, s, Q;)-blocks in the definition above by central R-(p, s, Q;)-blocks of restrict 
type. 

Simply, we denote i?L[;[„(R") and i?L[;[„(R") by -RLf^^a and i?Lf^J„ respectively as 
n> 1. 

Now, let us state a number of properties of RL^^f^a and RV^^^a- 
Proposition 2.1 Let l<s<oo,0<p<s, —n < a < n{p — 1). Then 

Proposition 2.2 Let < p < s < 00. Then, 

i. if n{p/s — 1) < a < 00, 

i?LgJ„ C and i^Lj^^ C L^, 

ii. if —n < a < n{p/s — 1), 

iii. if q; = n{p/s — 1), 

JS _ t>TP,S 

^ - ^^\x\"- 

Proposition 2.3 Let l<s<oo,0<p<s, —n < a < n{p — 1). Then, RLj^^^cc, 
and RL^^^^a arc complete normed- spaces. 

Proposition 2.4 Let l<s<oo,0<p<oo, —n < a < 00. Then and S are 
dense in RL^^^^a and RL^^^^^. 

Proposition 2.1 is a corollary of Theorem 4.1 below. See [21] for proofs of Proposi- 
tions 2.2-2.4. 
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3 Some classes of operators 

Let operators Ti, T2 and Tq be defined for any integrable function with compact support 
and satisfy the size conditions below, respectively, 

\TJ{x)\<C\\fhr/\x\\ (3.1) 

when supp / C and > 2*^+^ with /c e Z; 

\T2f{x)\<C2-'^\\fU., (3.2) 

when supp f C Ck and < 2*^~^ with /c e Z; and 

To satisfies (3.1) and (3.2). 

Theorem 3.1 Let 1 < s < 00, < p < po < s, — n < a < n{p — 1). Suppose that 
Ti, i = 0,1, 2, defined as above, are bounded on Z^°. For all central R-(p, s, a)— blocks 
a, we have, 

A) if —n < a < n{p/po — 1), then 

\\T2a\\Ll^^ < C- 

B) if n{p/pQ — 1) < a < n{p — 1), then 



C) if —n < a < n{p — 1), then 



roaiu^^,„ < C, 



where C are independent of a. 

Proof Let T be the operators above, a be a central R- {p, s, Q;)-block with suppa C 
and IIoIIl" < \\Bko\\ ^ " . For < p < 00, we see that 



J=-0O 



00 

IP 

\Lp- 



Let 



j=-oo 

00 



^3= E \Br^mTa)xc^\ 

j=ko+2 

00 

E i^.r^"ii(^«)xc, 

j=feo-l 



IP 

I LP) 



IP 

I LP) 



^25= E i^.r/ii(7^«)xc,iii., 



3=-oo 
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hc= E i5.r/"ii(r«)xc,iii.. 

3=ko-l 

It is easy to see that 

\\Ta\\l, ^h + hA] \\Ta\\lr ^ hs + h] \\Ta\\lr ^ h + he + h- 

\x\^ \x\^ \x\^ 

For Ji, we use the facts that ko > j + 2 and x & Cj. By (3.2) and Holder's inequahty, 
we have 

where s' such that - + 4- = lforl<s<ooIt follows that 



ko-2 kQ-l / I D I 

h < c \B,r'''\B,,r'-'\\xcM.<c E r^l 

j=—oo j=—oo V I '^o I / 



when a/n + 1 > 0. For /s, we use the facts that ko < j — 2 and a; e Cj. By (3.1), we 
have 

\T,a{x)\xc,{x) < C2-^"||a|Ui<C2-'«||a|U.|SfejV^' 

It follows that 

when a + n — np < 0. 

For 72 A, 72Band 72c, let us first estimate (To) xCj \\lp- Let < p < oo,p < 

Po < s < oo. Using Holder's inequality twice and 77° - boundedness of T, we have: 



\B,r/n\ {To) xc, < m"/''' (ii m xc, wu. wxc, hi.o/.y) 

< C|5,|"/P"||a|Upo|C,f/f-/P« 



i/p 



< C 1 1 "/P" 1 1 a 1 1 1 5fc J Vpo-1/s I Q 1 1/P-/P0 

a/pn+l/p-l/po 



LB, 



It follows that 



oo / I R I \ (a/P^+l/p-l/Po)? 

hA < c m\] 



j=ko-l \ \Bko\ 



when a < pn{l/po — 1/p); 



j=-oo 



l-Bfeol 
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when a > pn{l/po — 1/p); and 



fco+l / \ \ {o:/pn+l/p-l/po)p 



he < c ^ 

when — oo < a < +00. Then, the desired results can be obtained from the estimates 
above, in fact, B) from and /2B, A) from 7i and /2A, C) from 7i, and /2c- Thus, 
we finish the proof of Theorem 3.1 

From Theorem 3.1, we have 

Theorem 3.2 Let 1 < s < 00, < p < po < s, —n < a < n{p — 1). Suppose that 
Ti,i — 0,1,2, defined as above, are bounded on L^°, and 

\Tif\ <J2\^j\\Tiaj\, /ia-a.e., (3.3) 

ioT f = J2 ^jdj £ RL^x\"' ■where each aj is a central R-(p, s, a)— block. We have, 

A) if —n < a < n{p/po — 1), then 

l|r2/|U.,„<C||/||«,..„; 

B) if n{p/pQ — 1) < a < n{p — 1), then 

C) if —n < a < n{p — 1), then 

l|To/|U.^,„ < 

where C are independent of /. 

Proof Let / e RLF^^^o., then for any £ > 0, there exists f — Xjaj where each aj is 
a central R-(p, s, a)— block such that 



Then, by (3.3), Minkowski inequahty and Theorem 3.1, we have 



when < p < 1, and 

< E |A.II|r.a,IU. < |A,| =C(J: \X,ff' < C\\f\U^. + e 



when p > 1. Since £ is arbitrary, we have llTj/H^p ^ < C||/||ijiP.''^. Thus, we finish the 
proof of Theorem 3.2. 

For the non-homogeneous spaces RLj^^\" ' ^® have a similar theorem whose proof is 
similar to that of Theorems 3.1 and 3.2. 

Let Ti,T2,Tq be sublinear operators saitisfing the size conditions below respec- 
tively, 

\Tif{x)\<C\\f\\L^/\x-x^\\ (3.4) 
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when supp / C Bo{xo) and \x — xo\ > 2 or when supp / C Ck{xo) and |a; — xq] 
with /c e N, and 

\T,f{x)\<C2-'^-\\fUr, (3.5) 
when supp / C Ck{xo) and \x — xq\ < 2'^^^ with A; G N \ {1}, and 

To satisfies (3.4) and (3.5). 

Theorem 3.3 Let I < s < oo,0 < p < po < s, —n < a < n{p — 1). Suppose that 
Ti, i = 0, 1, 2, defined as above, are bounded on and satisfy (3.3) ior f = J2 ^jC^j £ 
RLyj!'^a, we have 

A) if —n < a < n{p/po — 1), then 



B) if n{p/po — 1) < a < n{p — 1), then 



||T./|U.^,„<C||/||^,..^; 
C) if —n < a < n{p — 1), then 

||To/|U.^,„<C||/|U,..^, 

where C arc independent of /. 

Corollary 3.1 Let l<s<oo,0<p<s, —n < a < n{p — 1). Suppose that a 
operator T satisfies the size condition 



\Tf{x)\<cj ^^^^y, x^supp/, (3.6) 

JR" \X — 7/1" 

for any integrable function with compact support and ||Ta||i:,s < C||a||i;,s. Then 

r^ll.f,. < c 

for all a, the central R-(p, s, a)— blocks and central R-(p, s, a)— blocks of restrict type, 
where C is independent of a. 

Proof It is obvious since Tf satisfies (3.1), (3.2), (3.4) and (3.5), see [20]. 

Let FRL^^^^a be the set of all finite linear combination of R-(p, s, Q;)-blocks, and 
FRLj^^^a be the set of all finite linear combination of R-(p, s, Q;)-blocks of restrict type. 
We have 

Corollary 3.2 Let 1 < s < oo, < p < s, —n < a < n{p — 1). Suppose that a 
sublinear operator T satisfies (3.6). If ||Ta||Ls < C||a||Ls, then 

l|r/|U.^,„ < CWflUj^s^ (3.7) 



for all / e Fi?L|^|c, and 



for all / G FRL^^^^a, where C are independent of /. 

Proof Let / be an element of FRL^^^^c, and pick a representation of / = Y^f=i Xjaj 
such that 

Then (3.7) and (3.8) follow easily from Corollary 3.1. 

Remcirk 3.1 The size conditions (3.1), (3.2), (3.4), (3.5) and (3.6) are satisfied by 
a lot of operators arising in harmonic analysis. Hardy-Littlewood maximal operators, 
and Littlewood-Paley g^-function, Lusin area function and Littlewood-Paley gr^-function 
defined as in [20] satisfy the size conditions (3.1), (3.2), (3.4) and (3.5), see [20]. While 
(3.6) is satisfied by many operators, such as Calderon-Zygmund operators, the Car- 
leson maximal operator, CFefFerman's singular multiplier operator in [13, 37, 8, 5], 
R.Fefferman's singular integral operator in [6], the Bochner-Riesz means at the critical 
index, certain oscillatory singular integral operators in [28, 29, 27], and so on, see [20] 
and [22]. 




4 Hardy-Littlewood maximal operators 

For Hardy-Littlewood maximal operator M, we have more than Theorems 3.2 and 3.3. 
Theorem 4.1 Let 1 < s < oo and < p < s. Then 

< C\\f\U^.^ (or ||M/|U.^^^ < C||/||^,..J (4.1) 

for all / G RLyf^a (or RLyf^a) if and only if —n < a < n{p — 1). 

Proof For the "if part, it is known that Hardy-Littlewood maximal operator M 
satisfies (3.4) and (3.5) (see [20]). M satisfies also (3.3) for / = J2^jO-j ^ ^^x]'^ 
(or RLj^^^a), where each aj is a central R-(p, s, a)— block (or, of restriction type). In 
fact. Let / = Z^AjCj G RL^^^\a (or i^Lj'^^c,), taking x e Q C R" and using Minkowski 
inequality, we have 

for X e Q, and it follows that Mf{x) < J2\Xj\Maj{x). So, the "if part of Theorem 
4.1 is a corollary of Theorem 3.3 

For the "only if " part, we need only to prove that (4.1) fails for a < —n and 
a > n{p — 1). Let us first see the case of a < — n. We know that 

M{xco){x) > C (4.2) 

for X G -Bo, where Co = -Bo \ -B-i. It is clear that XCo(^) ^ ^^\x\'^ ( ^"^^ ^^\x\'^) 
any < p, s < oo and -oo < a < oo with WxcArl^'' < 1 (and ||xcolli?Lf'r„ < 1 )• 
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By (4.2), we have 

/ \M(xco)ix)\Wdx > C f \xrdx 



Jo 



oo 



for a < —n. Thus, (4.1) fails for a < —n. Next, let us consider the case of a > n(p — 1), 
it suffices to prove the following proposition. 

Proposition 4.1 Let < p < oo, n{p - 1) < a < oo, and < q < 1, f e L'^. Then 
Mf is never in Ly^^a if / 7^ 0. 

Once Proposition 4.1 is proved, by Proposition 2.2i, then (4.1) fails for a > n{p— 1) 
(i.e. < 1). Thus. Theorem 4.1 holds. 

Proof of Proposition 4.1 If supp / C 5(0, i?), then 



Mf{x) > , for \x\ > R, 

Vn (|x|+i?)" 

where Vn is the volume of the unit ball (see [11]). By Holder inequality, it follows that 

Mfix) > / , for \x\ > R. 

Noticing np — a < n, we have 



LI 



-dx, 



\VnR^^-'^'^/'^ J J\x\>R {\x\ + i?)"?'-" 
- {VnR'^^-iyi J J\x\>R {\x\ + R)"" 



if ll/IU"? 7^ 0. So if Mf is in Ly^^^^, then / = a.e.. For general /, taking /^(a;) = 
/(a;)x{|a;|<i^}, then /^(a;) = for almost all x in the ball of radius R > 0. Thus, / = 
a.e.. We finish the proof of Proposition 4.2. 

Theorem 4.2 Let s = 1,0 < p < 1, — 00 < a < n{p — 1). Then there exists 
/ e i?LgJ„ such that (4.1) fails. 

Proof When s = 1, < p < 1 and —00 < a < n{p — 1), by Theorem 2.1 ii), we 
have C i^Lf^fa. Then, by Proposition 4.2, (4.1) fails for f e L\ 



5 Singular integrals 

Let us first consider Caldcron-Zygmund operator T. Let and T* denote the cor- 
responding truncated operators and maximal operators respectively. See [23] for the 
definitions. We know that T, and T* are bounded on (L^) for 1 < p < 00. From the 
good-A inequality, we have 
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Lemma 5.1 Let < p < 00,00 G A^o, and T* be a maximal Calderon-Zygmund 
operator. Then 

for all / G Lj^^, where C are independent of /. 
See [23] for a proof of Lemma 5.1. 

Theorem 5.1 Let l<s<oo,0<p< s,—n < a < n{p — 1). Then, for the 
functions in RL^^^^o, and R^^l^o., Tf, T^f and T*f are defined for //^-almost every points, 
T, and T* are bounded from RL^^^^a into Lj^^,, and from RLj^^^a into L^^.j.^a, and 

Tef = ^\T^O'h l^a-^-^- (5.1) 

j 

Tf = Y^XiTai, Ha-a-e- (5.2) 

i 

and 

T7(^) < E |A^|^*a,(x), //„-a.e. (5.3) 

i 

for f = J2i Xitti G -R-^i^^i^a and RLyf^^, where are central R-(p, s, a) - blocks (or central 
R-(p, s, a) - blocks of restrict type), and J2i l^iP < +00. 

Proof From Theorem 4.1 and Lemma 5.1, wc get that T, Tg and T* arc bounded 
from RLj^^^a into L^^^a and from RL^^^^a into It follows that Tf,T^f and T*f are 

defined for the functions / in RLj^''^^ and RLj^'^^^ for /Xa-almost every points. 

Next, let us prove (5.1). Firstly we consider the case of RL^^'^^c,- Let / = J2iZo^i^i 
where Oj are central R-(p, s, a) - block and J2ilo I'^il^ < +00. For any £ > 0, there exits 
an A^o > such that 

00 

E |A^r<£. (5.4) 

i=No+l 

By the sublinearity of the quantity 11 • WrlP'" , and noticing that ||aj||^i,p,'' < 1, we have 

No 00 00 f 00 

ll/-E^^«dliiL- =11 E A,a,iu^.. < E l^^l< E \Mn <e'/'- 

i=0 i=No+l i=No+l [i=No+l ) 

(5.5) 

Then, by the boundedness result of from RL^^^^c into L^^^c, (5.5), (5.4) and llT^ajH^p < 
C||«i||i?Lf'f„ < C, we have 

\x\ 

00 Nq 00 

||TJ-EA.T,a,||i. < ||r,(/-EA.a,)||i. +11 E A.T,a,||i. 

A^o CO 

< Ce. 

Let £ — )> 0, we get that ||Tj/ — X^i^o ■^j^e'^jllL*' = 0, and it follows that T^f — 
J2iZoKT£ai, /Xa~a.e.. Thus, we have proved (5.1). 
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(5.2) can be proved similarly. (5.3) follows from (5.1) easily. The case of RL^^^^c is 
similar. Thus, we finish the proof of Theorem 5.1. 

It is known that Hilbert transform, Riesz transform and the regular singular integral 
operators defined in [12] are Calderon-Zygmund operators. So 

Corollary 5.1 For Hilbert transform, Riesz transform, the regular singular integral 
operators, and their corresponding truncated operators and maximal operators, the 
same conclusions hold as those stated in Theorem 5.1. 

When the index exceed the critical index, Bochner-Riesz means are controlled point- 
wise by Hardy-Littlewood maximal operator. So it is easy to see from the theorem 
above that 

CoroUciry 5.2 For Bochner-Riesz means with the index exceeding the critical index, 
the same conclusions hold as those stated in Theorem 5.1. 
For Hilbert transform we have more. 

Theorem 5.2 Let 1 < s < oo and < p < s. Then H is bounded from i?L^^^c,(R) 
or RL^^^R) into Lf^|a(R), i.e. 

\\Hf h^^^^iu) < C^II/IUl- (R), (5.6) 

or 

ll^/llL|'^,„(R)<^^ll/bL- (R), (5.7) 

if and only if —1 < a < p — 1. So is H*. 

Proof By Corollary 5.1, we need only to prove that (5.6) and (5.7) fail for a < —1 
and a > p — 1. Let / = X[i,2], it is easy to see that / e i?L|'^j*a(R) and i?L|'^j*a(R), and 

Hf{x) = -log ^ . 

TT X — 2 

It is clear that Hf{x) ~ Tr(x-2) '^hen |x| — )■ oo or — )> 0. It follows that Hf is not 
in L|'^|a(R) as a > p — 1, and clearly, neither is H* . Since Hf{x) is continues and not 
equal to zero on [0, 1/2], it is easy to see that Hf is not in L|'^|a(R) as a < —1. H* 
follows. Thus, we finish the proof of Theorem 5.2. 

Next, we will also see that many other linear operators defined for the functions in 
LP with 1 < p < oo have extensions which map -Ri>[^j'c ( or R^^!^^^) into ^^^a- 

Theorem 5.3 Let l<s<oo,0<p<s, —n < a < n{p — 1). Suppose that T is a 
bounded linear operator on L*, which satisfies (3.6). Then 

i) T has an extension which maps RLj^^^a into Lj^^c, and satisfies (5.2) and 

WTfh^^^^ < C\\f\U.s^ (5.8) 

for / = S AjOj e i?L|'^*a, where each Uj is a central R-(p, s, a)— block. 

ii) The conclusions above hold for RL^^^^a- 

Proof Let us first consider the case of RL^^^^^- Let / G RL^^!^^a, then / = J2i^i(^i 
where are central R-(p, s, a) - block and J2i < +oo. By Corollary 3.1, we have 
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It follows that \ J2i KTai{x)\ < oo, ^q,— a.c. Set 

Tf{x) =J2XiTai{x), i^a-a-e.. (5.9) 

i 

Once it is proved that (5.9) holds for all decomposition of / as / = Z^^o'^i^j where 
tti are central R-{p,s,a) - block and J^ilo < +00, then the extension required is 
obtained. 
Let 

i i 

with 

J2\^i^^f<+oo and 5^|AfV"<+oo (S-H) 

and aj-^"* and af'^ are central R-(p, s, a) - blocks. Once J2i ^i^^Ta^^^ = J2i Xf^Taf\ /Iq— a.e., 
then we get the extension required. In fact, for any 5 > 0, by (5.11), there exists an iq 
such that 

E|AfV"<5^" and Y.\^f^\' <^^'- (5-12) 

i=io i=io 

Prom (5.10), we see that 

ElAfai" - Af 4=') = £ Af 4=' - f Al»«f ', 

then, 

IQ — 1 00 00 

II E (A«aS^) - Ar^af))!!^.^ < E lA^t" + E lAft" < 25-"- (5-13) 

1=1 i=«o i=io 

By the linearity of T, we have 

00 00 io — 1 00 00 

E Af^Taf) - E AfTaf = Ti^{)^^c^ - Af af)) + E Af^Taf^ - E A^Taf). 

i=l 1=1 i=l j=io j=io 

(5.14) 

By Corollary 3.2 and (5.13), we see that 

l|T(E (Af^af ^ - Araf)))||i < || E (Af^a« - A^af ))||J ^ < 26^. (5.15) 

i=i '''' i=i 

Prom (5.14), (5.15), Corollary 3.1 and (5.12), we have 

00 00 
||EAf^ra«-EArTarili.„<4<5-". 

i=l i=l 

Let 5 ^ 0, we get that || E^'^l A? ^Taf ^ - E»=i Af ^Taf ^||fp = 0. It follows that 

Ej~i Af^Taf^ = E^'^l Af^Taf^ //„-a.e.. Thus, (5.9) holds for all decomposition of / 
as f — Ei^o AjOi e -R-£'|'^[a, i.e. (5.2) holds for the extension of T. 

(5.8) follows from (5.2) easily. The proof of the case of -R-^j'^^a is similar. Thus, we 
finish the proof of Theorem 5.3. 

Corollary 5.3 For C.Fefferman's singular multiplier operator, R.Fefferman's singu- 
lar integral operator, Bochner-Riesz means at the critical index and certain oscillatory 
singular integral operators, the same conclusions hold as those stated in Theorem 5.3. 
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6 Fourier series 



For N > 0, define the Dirichlet summation operator 

SnUx) - / fiCy'^'^-^d^ (6.1) 

J-N 

on (S(R). We have the identity 

Sr,f = Um'^HM-"'/ - M-''HM''f) (6.2) 

for / G iS(R), where H is Hilbert transform and M^g{x) = e'^'^^^^g{x). By (6.2), Sn 
extends to a bounded operator on L*'(R) with 1 < p < oo. By Theorem 5.3, we have 
Theorem 6.1 Let 1 < s < oo, < p < s , —1 < a < p ~ 1 . Then, the operator S^, 
initially defined for / G 5(R) by (6.1), extends to a bounded operator from RL^f^c, (or 
RLj^^\c) into L|'^|c(R), and 

SNf = ^KSNai, lioc-^-Q- (6.3) 

i 

and 

||^iv/|U^^,„(R) < ^^II/IUl- (R), ( or ||5iv/|U^^,„(H) < C\\fU,..^^^^l (6.4) 

for f = J2i K<^i £ ^-^^xi" i^^ ^^\x\")i where are central R-(p, s, a) - blocks (or central 
R-(p, s, a) - blocks of restrict type) and < +oo. 

Define Carleson operator 

Cf{x)^sup\SNf{x)\ (6.5) 

N>0 

for i?L|'^j'„(R) (or i?L|'^j'„(R)). It is easy to see that the conclusion of Corollary 3.1 
holds for Carleson operator C. We have 

Theorem 6.2 Let 1 < s < oo, < p < s, —1 < a < p — 1. Then, 

Cf<^XiCai, //a-a.e. (6.6) 

i 

and 

< ^^II/IUl- (H)( or < ^^ll/IU.- (K)), (6.7) 

for f — \0'i £ -R-^'fx[" (or RLF^^]^ol), where are central R-(p, s, a) - blocks (or central 
R-(p, s, a) - blocks of restrict type), and Z^j |Aj|^ < +oo. 

Proof (6.6) follows from (6.3). (6.7) follows from (6.6) and Corollary 3.1. 

According to a well-known patten, we can get the /Xa-a.e. convergence and L^(R")- 
norm convergence of S^f for / G RL^\x\'^ and RLj,f^a from Theorems 6.1 and 6.2 respec- 
tively. In fact, the convergence results follow from the following Lemmas whose proofs 
are similar to the cases of L^. 
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Lemma 6.1 (Uniform boundedness principle) Let 1 < s < oo, < p < 

s, —n < a < n{p — 1). 

(i) Let I? be a dense subspace of RLF\^^„ and suppose that Tr is a sequence of linear 
operators such that 

kr 

for f E T>. Then in order for Tr/ — > / in Lj'^i^ norm as — > oo for all / e RL'lx\o. it is 
a necessary and sufficient condition that we have the estimate 

II WIU^,. < c\\f\u^.^ 

for all sufficiently large R, where the constants C are independent of R. 

(ii) For RLj^^^a, the same conclusions hold as those stated in (i). 

Let Tg be a linear operator for every e > 0, and T^{f ){x) = sup^^Q \T^{f ){x)\. 
Lemma 6.2 (Maximal principle) Let < p < oo, 1 < s < oo, — oo < a < oo. 
(i) Let I> be a dense subspace of -Rl/j'^^a, and suppose that for some C and for all 
/ e RL^x^\c we have 

and for all / e X> 



irjIU.^,^ < c||/|U,..^ 



\imT,{f){x) ^ f{x) /i„-a.e.. (6.8) 

Then for all / G i^Lj'^f, (6.8) holds. 

(ii) For i?L|'^j*„, the same conclusions hold as those stated in (i). 

It is easy to see that a.e. convergence implies //a-a.e. convergence when e Aqq. 
Then limjv-^oo -S'at/ = /, /^a^a-e., for all / e L^i^) with 1 < s < oo and — 1 < a < oo, 
since hmTv-^oo Sn/ — f a.e. for all / e L^(R) with 1 < s < oo. 

On the other hand, we see that \Si\ff\ < Cf. By Theorem 6.2, it follows that 
\SNf -f\<Cf + I/I G Lf^.|.(R) for / e L^(R) n i?Lg.(R) (or L^(R) n i?Lf4„(R)) 
if 1 < s < oo, < p < s and — l<Q;<p— 1. The Lebesgue dominated convergence 
theorem gives that Sn/ converge to / in L|'^|„(R). 

It is easy to see that L"(R) n i?L[J„(R) in i^LfJ^R) and L"(R) n i?Ljf„(R) in 
RLj^^^a (R) are dense respectively. Thus, by the uniform boundedness principle and the 
maximal principle above, we obtain that 

Theorem 6.3 Let l<s<oo,0<p<s and — 1 < o; < p — 1. Then 

lim Sn/ = / in ^t|a(R) 

and 

lim SnI = /, //a -a.e. 

for all / G i?Lf4„(R) U i?Lf^|.(R) . 

For the the functions on 7 = [—1, 1], Theorem 6.3 imphes some weighted result. 
Let us first prove the following proposition. 

Proposition 6.1 (i) Let l<s<oo,0<p<s, —n < a < oo. Then 

Lf,|.(i?o)ci?Lf4„(i?o). 
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(ii) Let l<s<oo,0<p<oo, —n < a < oo, then 

Lf,|„(Bo)ci?L5f„(i?o). 

Here, = {x e R" : \x\ < 1}. 

Proof (i) Let / e Lf^|„(So), write / = EL-oo^fc^fc' where 

fXCk 

P ~'\\fXcJ\L^{Bo) 

A; = 0,-1, -2, ■ ■ ■ , Sfc = S(0, 2*^), Ck ^ Bk \ Bk-i- We see that all 6^ are (p, s, a)- 
blocks, and by Holder inequality as p < s. 




noticing that p < s and — n < a. Thus, (i) holds. 

(ii) Each / e L^^^aiBo) is a central R-(p, s, a)-block of restrict type, then (ii) is 
follows. 

Prom Theorem 6.3 and Proposition 6.1 (ii), it is easy to see that 
Corollary 6.1 Let I = [-1, 1], 1 < s < oo and -1 < a < s - 1. Then 

lim Swf = f in Lt,a,{I) 

AT— >oo ' ' 

and 

lim SNf = /, //a-a.e. 

for all / e Lf^|«(/). 

See also [16] for Corollary 6.1. 

It should be pointed out that Theorem 6.3 does not imply new information for the 
pointwise convergence when p/s — l<a<p — 1, since -R-^j'^^a C Li+^ and > 1 by 
Proposition 2.2i. 

Theorem 6.4 If s = 1, < p < 1, — 1 < a < p — 1. Then there exists / e RL^x\" 
such that 

limsup S'Ar/(x) = oo, /io-— a.e.. (6.9) 

Proof When s = l,0<p< 1,-1 <a<p — 1, by Proposition 2.2ii, we see that 
C RL^^^^a- Then Kolmogorov's example shows that there exists / e RLjx\" ^^^^ ^^^^ 

limsup 5'iv/(x) = oo a.e., 

then (6.9) follows. 
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